Employing a sapphire whispering gallery mode resonator, we demonstrate features of the spinphoton interaction in cavities with broken time-reflection symmetry. The broken symmetry leads to a lifting of the degeneracy between left-handed and right-handed polarised cavity photons, which results in an observable gyrotropic effect. In the high-Q cavity limit, such a situation requires a modification of the Tavis-Cummings Hamiltonian to take into account conservation of spin angular momentum and the corresponding selection rules. As a result, the system is represented by a system of two linearly coupled bosonic modes, with each one coupled to its own sub-ensemble of two-level systems with different energy splittings. In the experimental example, these sub-ensembles originate from Fe 3+ impurity ions effectively seen as a two level systems at the interaction frequency. The temperature dependence of the population of each sub-ensemble (in terms of effective susceptibility of the medium) is determined experimentally in accordance with the theoretical predictions revealing various paramagnetic impurity types in the solid. The regimes of backscatterer and spin ensemble domination are discussed and compared.
INTRODUCTION
The Jaynes-Cummings Hamiltonian [1] is an important model describing the interaction of a two level quantum system with an electromagnetic cavity mode. The cavity is usually understood as a linear cavity of the FabryPérot type, where the electromagnetic wave propagating as e ±ikx is confined between two mirrors. Such a cavity explicitly possesses both time-reversal (T-symmetry) and reflection symmetries. It is typically implied that the confined light is linearly polarised [2] and thus effectively has no spin angular momentum. Semi-classically this can be understood as a superposition of left and right hand propagating electromagnetic waves that form a standing wave and interact with an atom. These waves are always degenerate in frequency and are mirror reflections of each other, thus the matter of spin angular momentum conservation becomes irrelevant due to symmetry under the mirror x → −x as well as time reversal t → −t transforms.
In a circular cavity where a wave travels around the cavity boundary e ±ikφ , such as a Whispering Gallery Mode (WGM) type resonator, there is continuous rotational symmetry φ → φ + θ. Similarly to a FabryPérot cavity, the modes of such systems can be represented as linear combinations of clockwise and counterclockwise circularly polarised waves. However, conversely to the linear cavity, the reflection symmetry of the system (φ → −φ) may be broken. For example, backscatterers in a cavity lift the degeneracy by introducing a coupling between the two counter-propagating waves, causing the mode to appear as a doublet. In this case of disorder symmetry breaking, the linear combination of the two counter propagating modes causes spatially orthogonal standing waves [3] [4] [5] . However, in the case where the dominant defect in the cavity is an ion with spin, a gyrotropic response with the underlining Tsymmetry breaking has previously been observed between the two standing wave modes when the ion's electron spin resonance frequency has been tuned to the WGM frequency [6, 7] . It has been shown that in this case, one of the waves is a clockwise travelling wave, while the other is a counter-clockwise travelling wave, which have the distinction of being right and left circularly polarised electromagnetic waves. It is widely known that photons of such waves carry a spin angular momentum of ±1. In this work we employ the language where a photon has spin 1 if it is in the |L state and −1 if it is in the |R state. So, photons in both resonances of the doublet carry a projection of the spin angular momenta (helicity) + (further denoted by its polarisation state |L ) or − (further denoted by its polarisation state |R ). This situation is equivalent to a system of two coupled Harmonic Oscillators (HO) confining photons with spin projection of either + or − .
The comparison of the two cavity types demonstrates certain differences arising due to the T-symmetry breaking phenomenon in a system of two travelling waves. In particular, in the case of broken T-symmetry, the atomfield interaction requires the conservation of the system's spin angular momentum that is possessed by ions and carried by travelling waves, implying one more selection rule beyond energy conservation. As a result, one has to consider both energy and spin angular momentum [8, 9] conservation laws to describe the interaction between matter and photons. This interaction between cavity photons and an ensemble of spins [10] results in a three HO model and explain the observed gyrotropic effects.
PHYSICAL REALIZATION
The physical realization of a cavity with circular geometry is the well known WGM dielectric resonator, extensively studied both in the optical and microwave domains. For extremely low-loss microwave systems such as sapphire resonators, the existence of doublets is also well known [7, 11] . They arise due to various imperfections of the crystal resonators such as the presence of backscatterers, and can be effectively controlled with external magnetic field via interaction with impurity ions [6] .
The sapphire crystals that comprise such resonators obtain naturally occurring impurity ions within the lattice during the growth procedure, such as Fe 2+ , Fe 3+ , Cr 3+ , and V 2+ [12] . One of the most most abundant impurity ions is Fe 2+ , which may be converted to Fe 3+ by annealing in an oxygen environment [13, 14] . The effects of Fe 3+ in sapphire have been studied previously both theoretically and experimentally [15] [16] [17] and in this work we study a sample with impurity concentration of the order of 100 parts per billion. Substitutional Fe 3+ ion impurities have a 6 S ground state with a 3d 5 electronic configuration of the unfilled shell. Zero-field splittings (three energy levels) of this ground state have been discussed theoretically and used experimentally to create a solid-state maser at microwave frequencies [18] . The Zeeman effect splits these three levels into two sub levels each in the presence of a DC magnetic field, giving rise to six quantum states of the ion: |±1/2 , |±3/2 , |±5/2 . Each of these states is described by a value of the electron spin angular momentum. Moreover, the energy level structure of Fe 3+ ions in sapphire is such that there exists ion-exciting transitions, which can either increase or decrease the spin angular momentum.
In the present work, a cylindrical sapphire monocrystal designed to sustain WG modes in the range 5 − 20 GHz was cooled in a dilution refrigerator. An external DC magnetic field was applied along the z-axis of the crystal in order to split the energy levels of the Fe 3+ ions in the crystal by such an amount that the frequency of two allowed transitions |±1/2 → |±3/2 corresponded to the frequencies of particular WGMs of the crystal. Each WGM used in the experiment was split into a doublet, where each resonance of the doublet confines photons of certain polarisation: right hand circular (RHC) or left hand circular (LHC) when interacting with the Fe 3+ ions. Each doublet resonance is clearly resolvable due to the extremely low photon loss (Q > 10 8 ) and correspondingly small mode bandwidths -significantly smaller than the doublet mode splitting. Because of their outstanding quality factors, WGMs in sapphire crystals with highly-dilute impurities are an excellent platform to study matter-wave interactions in the case of broken T-symmetry.
SYSTEM DESCRIPTION
As described in the Introduction, the main consequence of breaking the symmetry during the ion-photon interaction is the existence of two non-degenerate HOs with opposite values of spin angular momentum projection. As a result, these HOs interact with matter in different ways due to an extra requirement on spin angular momentum conservation. Thus, photons carrying a certain spin projection can only be coupled to ion transitions having a certain change of spin angular momentum. In the case of a |L photon that increases ion spin angular momentum by , the interaction is only possible with an energy level transition of the ion that corresponds to positive change of its spin angular momentum. Accordingly, photons from the other HO of the doublet do not interact with this particular transition. In the case of atoms whose higher energy state has spin angular momentum lower than that of the ground state, the opposite situation is observed.
For Fe 3+ impurity ions in sapphire, transitions with both an increase (|+1/2 → |+3/2 ) and a decrease (|−1/2 → |−3/2 ) of spin angular momentum by are possible. The former is referred to here as a spinincreasing ion transition (corresponding to the level splitting ω + and spin change ∆m S = +1), whilst the latter as a spin-decreasing transition (corresponding to the energy level splitting ω − and spin change ∆m S = −1). Each of these transitions within the ion corresponds to different energy splittings, and thus requires photons of different energies for interaction. As a result, one has to consider both energy and spin angular momentum selection rules to describe the interaction between matter and photons. From the Fe 3+ ion point of view, the impurity interacts with a photon of certain polarisation, depending on its initial state. For simplicity, we group all the ions into three sub-ensembles depending on the initial state: |+1/2 , |−1/2 , or other, where the number of ions in each sub-ensemble is given by their thermal distribution. As a result, the whole system can be represented by two intercoupled HOs that are separately coupled to two ensembles of Two Level Systems (TLS). Such a system can then be represented by the following generic Hamiltonian:
where
are the creation (annihilation) operators for RHC and LHC polarised photons of a doublet, g RL is the coupling between RHC and LHC photon modes through the backscattering mechanism, 
consequently for a TLS with increasing and decreasing spin angular momentum during excitation. The first two terms of the Hamiltonian (Eqn. 1) represent two HOs corresponding to the |L and |R photon spin states. These HOs are close in angular frequency ω R ≫ ω R −ω L because backscatterers exist only as small perturbations. The third term gives the linear coupling between two resonances arising, for example, due to back scatterers. The forth and fifth terms give a TLS approximation for the ensemble of impurity ions. The final term in the Hamiltonian describes the corresponding interactions between each sub-ensemble and a particular HO. In the experiment discussed here, the incident power is always kept low enough to keep the spin sub-ensembles unsaturated, so as to avoid all the nonlinear effects previously observed in sapphire WGM resonators [15] . The Hamiltonian represents the interaction between a bosonic WGM of the circular cavity with an ensemble of two level systems, and is is a modification of the well known Tavis-Cummings Hamiltonian [10, 19, 20] for the case of a cavity with broken symmetry. The Hamiltonian for the present system employs two Harmonic oscillators for the left and right circularly polarised resonances of the doublet. The two harmonic oscillators are linearly coupled to each other through the backscattering, and each resonance is coupled to the bath of TLS due to the Fe 3+ impurity ions. However, due to the spin angular momentum conservation law, only one HO of the doublet is able to interact with the impurity ions at a given transition frequency when tuned by the external magnetic field. The two possible situations are described in Fig. 1 . When the spin-increasing transition ω + is tuned close to the frequency of the doublet ω = 1 2 (ω R + ω L ), only |L photons are allowed to interact demonstrating a frequency shift (situation (A) in Fig. 1 ). In situation (B) of Fig. 1 ), when ω − is tuned close to the frequency of the doublet ω only |R photons are allowed to interact demonstrating a frequency shift. In both cases, due to direct coupling between HOs, a HO that is not coupled to ions also exhibits a very small relative frequency deviation. Thus, if the HO inter-coupling is less than the spin-photon coupling (g ± ≫ g RL ) and the cavity resonance linewidth, a gyrotropic effect is observed. In this case, one of the resonances is much more highly tunable by the magnetic field than the other. In contrast, when g ± < g RL , both resonances respond in a similar manner and no gyrotropic effect is observed, a fact that was confirmed in our modelling.
EXPERIMENTAL OBSERVATIONS
To experimentally observe the aforementioned effects, two fundamental WGMs at f A = 13.259 GHz (WGH 19,0,0 ) and f B = 10.8104 GHz (WGH 15,0,0 ) of a cylindrical sapphire resonator were studied. The experimental setup is demonstrated in Fig. 2 . The cylinder (50 mm diameter, 30 mm height) is oriented in such a way that the c-axis of the crystal is parallel to the external DC magnetic field and excited with the straight antennae. The cavity transmission is characterised by measuring the scattering transmission parameters S21 with a network analyser with a cascade of cold and room temperature attenuation and amplification.
Interactions of f A and f B doublets with spin-increasing and decreasing transitions of Fe 3+ are shown in Fig. 3 . In both cases only one of the HOs (|L at f A = ω+ 2π and |R at f B = ω− 2π ) is coupled to the spin transition in accordance with the spin number conservation law. These results are obtained at low temperatures such that spinphoton coupling is much greater than coupling between HOs. In such a case, the influence of one of the polarizations is negligible, so that the whole interaction picture can be modelled using a reduced two oscillator modelone for the photonic mode and one for the spin ensemble (Fig. 3) . The dashed lines denote a one-photon transition Zeeman effect ω ± = gβe B where g is the electron Network Analysis -10dB
Crystal Sapphire
FIG. 2: Experimental setup: the incident signal is attenuated at various stages of the dilution refrigerator,
the transmitted signal is amplified both at 4K and at rom temperature. The backaction noise of the cold amplifier is damped by a milli-Kelvin isolator. Anti-radiation shields are not shown.
g-factor, β e is the Bohr magneton and B is the external magnetic field. The picture is mirror symmetric around the B = 0 line. Due to the relatively large bandwidth of the Fe 3+ transitions (on the order of 25 MHz), these measurements are not in the strong coupling regime between cavity photons and spins (although the linewidth of the WG mode resonance is narrow enough). Thus, a double peak structure has been never observed for these impurities in sapphire. The best coupling between spins and photons is observed to be about 6 MHz, thus we estimate that the concentration of spins needs to be increased from about 100 parts per billion to about 2 parts per million to achieve this, which is about the level of concentration of Fe 2+ ions in the sample. Thus, if either all Fe 2+ ions could be converted to Fe 3+ , or the crystal could intentionally be doped to that level, strong coupling could, in principle, be attained in the future. WGMs is quite numerous [12] . As well as the Fe 3+ ion being a six-level system, it can exhibit other transitions too. Fig. 4 presents the full spectroscopy over this range, both experimentally (squares and circles) and theoretically (solid lines), of Fe 3+ ions in sapphire. All interactions here are sorted into two groups: spin-increasing (∆m S > 0) and spin decreasing (∆m S < 0). The change in spin number ∆m S is shown for each part of the curves. The features of these interactions are the same as discussed above in that selection rules apply due to conservation of spin angular momentum.
As described in the previous section, the intensity of 
where Z is the corresponding impurity partition function, E |±1/2 are energies of corresponding states, and N T is the total number of impurity ions participating in the interaction with the WGMs. This means that the size of the ensemble of TLS that interacts with each photon polarisation will depend on temperature. Thus, by changing the resonator temperature it is possible to observe the populations of the |+1/2 or |−1/2 states through their interaction with the cavity modes. The results can be represented in terms of the effective susceptibility of the medium that is proportional to the number of impurities which are able to interact with the resonance of a certain polarisation. The DC susceptibility can be found from the experimental data of the avoided crossing between the resonator WGMs and Fe 3+ electron spin resonance (ESR) using Eqn. (1):
where ω 0 is either ω R or ω L , ξ is the filling factor for the modes calculated for the magnetic field perpendicular to the external DC field, i.e. the sum of the radial and azimuthal fields. In order to find the coupling coefficients g ± one needs to consider the simplified model for the frequencies in the vicinity of the given transition (+ or −):
where one of the sub-ensembles is neglected (in this case the 'minus' transition is neglected), since the corresponding type of interaction is prohibited by the spin angular momentum and energy conservation laws. Thus, in the given case only LHC photons are coupled to the spin bath, although RHC photons are still coupled to the LHC resonance indirectly due to the existence of backscatterers. Eqn. (5) is effectively a three-oscillator model since an unsaturated ensemble of TLSs could be considered as another bosonic degree of freedom [10] . Note that whenever g ± ≫ g RL , the second and the third terms in the Hamiltonian (5) can be neglected, and only two HOs (one photon and one spin) need to be considered. Such a two-HO model is effectively a Jaynes-Cummings system. However, as demonstrated below this model is not valid for all temperatures.
In the three-oscillator model, the angular frequencies of the RHC and LHC polarised resonances (ω R and ω L ), as well as the effective ESR angular frequency tuned by the magnetic field (ω + ) can be identified from the experimental data for the 'plus' mode interaction. The coupling parameters g RL and g + = g + N + can be fitted in such a way that model is in good agreement with the measured avoided crossing. As described above, the latter parameter allows the calculation of the DC susceptibility χ + given by Eqn. (4), which represents the effective response of the medium to the magnetic component of the wave. This parameter demonstrates a clear temperature dependence, since the change of the crystal temperature leads to change of size of each sub-ensemble N + , in particular modifying the upper summation limit in the forth term of the Hamiltonian (5) as described by Eqn. (3) .
The identified temperature dependence of the DC susceptibility is shown in Fig. 7 . Decreasing the crystal temperature sees an increase in population of both the |+1/2 and |−1/2 states due to the condensation of ions mainly from the |±3/2 states. This is the well-known Curie Law, which we observed at temperatures between 0.2 and 5K with a dependence of χ ∼ T −1−|ε| . The existence of the |+5/2 and |−5/2 levels leads to a small deviation |ε| from this law for temperatures above 4K. At such temperatures, the spin-photon coupling is reduced to the level where the HOs coupling between the WGM doublets g RL becomes important. In this case, when g − or g + → g RL (depending on the sign of the spin change), the interaction picture (Fig. 5) becomes significantly different from that demonstrated in Fig. 3 . In particular, the reduced two oscillator model becomes invalid. 
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FIG. 6:
Comparison of the spin-dominated regime (T = 36 mK, g ± ≫ g RL ) and the spin regime with significant backscatter (5 K, g ± → g RL ). The former interaction can be modelled by two oscillator model (one WGM and one spin ensemble). The latter requires a three oscillator model (two for WGMs, and one for the spin ensemble).
The system requires the full three oscillator description ( Fig. 1 and Hamiltonian (1)). In the extreme case when either g ± < g RL , it becomes impossible to distinguish between polarisations due to the weak coupling of the spin to the photons. In this case, the doublet WGMs remain as standing waves in a similar way to the Fabry-Pérot cavity mentioned in the Introduction section.
Comparing the strong spin-photon interaction case at millikelvin temperatures, when one of g − or g + ≫ g RL as shown in Fig. 3 , with the weaker spin-photon interaction case at 5K, when one of g − or g + → g RL , with the other equal to zero (Fig. 5) , it can be noted that whereas in the former case one of the resonances of the doublet is only slightly perturbed, in the latter case both resonances are significantly displaced (although one more than the other). Thus, in the latter case it is harder to identify each of the HOs with pure |R or |L polarisations, since the backscattering mechanism mixes the states of photon spin angular momentum to some degree. In other words, in this situation the cavity photon behaviour is influenced by the backscattering mechanism as well as the spin-photon coupling. Thus, the former case can be described as a spin-dominated regime while the latter demonstrates a transitional case to a backscatter domination regime . The two regimes are compared in Fig. 6 with the experimental data compared to two-and three-HO models respectively for the two regimes described above.
For temperatures equal to and below 0.2K, the increase of spin-photon coupling saturates as the temperature decreases, due to the fact that the upper levels become empty and thus a further increase of susceptibility becomes impossible. Thus, this paramagnetic phase has no increase of susceptibility with decreasing temperature and is known as a Van Vleck paramagnet [21] . For even lower temperatures, ions at the |+1/2 level condense to the lowest energy state |−1/2 leading to a further increase of susceptibility for RHC polarised photons, and a decrease of susceptibility for LHC polarised photons. Theoretically, the susceptibility is calculated to be proportional to the number of electrons in a state leading to a certain type of interaction:
where the partition function is found taking into account all accessible spin states: Z = exp − βE |q , where q runs over ±1/2, ±3/2 and ±5/2. Fig. 7 shows that the susceptibility indeed varies as predicted by the ion thermal distribution model. 
CONCLUSION
The experiments presented here reveal the significant role of photon polarisation states [22] on wave-matter interactions in WGM dielectric resonators [6] . In particular, the situation requires consideration of the spin angular momentum conservation law in addition to the usual energy conservation. These additional features on top of the usual Jaynes-Cummings type interactions in a FabryPérot type cavity arise due to non-degeneracy of right and left hand polarised photons. The latter fact is the direct consequence of both reflection and time-reversal symmetry breakings in an actual cylindrical-type cavity. The effects discussed are only observable at the spin dominated regime where spin-photon coupling is much stronger than backscattering coupling between the resonances of a doublet.
